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1 Introduction and main results 

In this paper, we consider the following problems: 
Steklov boundary problem 

A„u = e\u\ p ~ 2 u, in Q, 

P ' ' (1.1) 

|V<" 2 I| = XV(x)\u\ p - 2 u + h(x,u), on 90, 
No-flux boundary problem 

-A p u + e\u\ p ~ 2 u = \V(x)\u\ p ~ 2 u + h(x,u), in Q, 

u = constant, on d£l, (1-2) 
. /an |Vur a fed& = 0, 
Neumann boundary problem 

— A p u + e\u\ p ~ 2 u = \V(x)\u\ p ~ 2 u + h(x,u), in Q, 
|i = 0, on an, 



(1.3) 
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Robin boundary problem 

-A p u + e\u\ p ~ 2 u = \V(x)\u\ p ~ 2 u + h(x,u), in 0, 

(1.4) 

Vn| p ~ 2 f^+7(x)|u| p - 2 n = 0, on 90. 

Here O is a bounded domain in R^ with smooth boundary 90, dS x is the surface element 
on 90, |^ is the outer normal derivative of u with respect to 90, A p u := div (|Vu| p_2 Vu) 
is the p-Laplacian operator with p > 1, e > is a constant and l^(x) 6 L r (90)(in the case 
of (jl.ip ) or € L r (0) (in the cases of (|1.2p - (|1.4p ). where r = r(N,p) is defined by 

r>(JV-l)/(p-l), if Kp<N, 

r > 1, if p = N, (1.5) 

r = 1, if p > N. 

In problem (|1.4|) . the function 7(x) satisfies 7(x) € L°°(90) and 7(2;) > for a.e.x € 917. 

In p3], the authors established and applied the linking method for cones in normed 
spaces to consider the following the problem 

—A p u + e\u\ p ~ 2 u = \V(x)\u\ p ~ 2 u + h(x,u), in 0, 
u = 0, on 90 

for A G R, V G L°°(0) and h satisfying (hl')-(hA!) below, they obtained the existence of 
a nontrivial solution. The main goal of this paper is to apply this method to study the 
problems (fT7l) ~ (fL4"j) . 

For problem (jl.ip . we assume that h : 90 x R — > R is a Caratheodory function (i.e., 
h(x, s) is continuous in s for a.e.x G 90 and measurable in x for all s G R) satisfying the 
following conditions: 

(hi) ifp < iV,Ve > 0, 3a e G L r (90) such that |/i(x,s)| < a^x)^- 1 +e\s\ p *- 1 , p* = ^E 2 , 
if p = N, 3a£L r (dQ), C > and q > p such that < a(x)|s| p_1 + CM 9-1 , 

if p > iV, VS > 0, 3a s G L r (90) such that |/i(x,s)| < a s (x)\s\ p - 1 whenever |s| < S, 

H (x , 5) H (x ^ s) 

(h2) for a.e. x G 90, there hold lim — — p — = and lim — — p — = +00, 

s-s>0 |s|P |s|->oo |s| p 

(h3) there exist fx > p, 70 G L 1 (90) and 71 G L r (90) such that 

fiH(x,s) < sh(x,s) +7o(x) +7i(x)|s| p for a.e. x G 90, and every s G R, 

(h4) iT(x, s) > for a.e. x G 90 and every s G R, where i?(x, s) = J Q S /i(x, t)di. 

For problems (|1.2p ~ (|1.4p . we assume h satisfies the same conditions (hl)-(h4) with 90 

replaced by O and p* = ■ 

The main results read as follow. 
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Theorem 1.1 Suppose the function h satisfies the conditions (hl)-(h4) and V G L r {d£l). 
Then for every e > and A G R ; hl.l\) has a nontrivial solution u G W ,p (£l). 

Theorem 1.2 Suppose h : Q,x~R — > ~R is a Caratheodory function satisfying the conditions 
(hl)-(h4) with d£l replaced by Q, p* = and V G L r (Q). Then for every e > 

and A G R, i/ie problems hi. 2(1 , hl.3\) and ( fi.^| ) possess respectively a nontrivial solution 
u G W 1 ' p (n). 

We note that when A / 0, problems (|1.2|) . (|1.3|) and f j 1 . 4 j) are respectively equivalent 
to the following problems: 
No-flux boundary problem 

-A p u = X(V(x) - j^)\u\ p - 2 u + h(x,u), in 0, 



u = constant, 
-2 5m, 



on d£l, 



I Ian |Vur 2 ^d5, = 0, 
Neumann boundary problem 



-A p u = X(V(x) - j)\u\ p - 2 u + h(x,u), in SI, 



du _ Q 

Robin boundary problem 



on <9f2, 



-Apti = A(y(x) - j^)\u\ p - 2 u + h(x,u), in 0, 
|Vu| p - 2 f^ +~f(x)\u\ p - 2 u = 0, onda 

Because V{x) — f is still in L r (Q), the above three problems are exactly the following 
problems respectively. 
No-flux boundary problem 

— A p u = XV{x)\u\ p ~ 2 u + h(x, u), in CI, 

u = constant, on d£l, 
Ian \^n\ p - 2 ^dS x = 0, 
Neumann boundary problem 

— A p u = XV(x)\u\ p ~ 2 u + h(x, u), in VL, 



(1.6) 



du — n 
dn ~ u ' 

Robin boundary problem 



on dQ, 



(1.7) 



A p u = XV(x)\u\ p 2 u + h(x,u), in J7, 



Vu\ p - 29 % +-f(x)\u\ p - 2 u = 0, 



on 



an. 



So Theorem 1.2 is equivalent to the following theorem (Note that the case A = is covered 
by the case A ^ with V = 0). 

Theorem 1.3 Suppose that the functions h and V satisfy the conditions as in Theorem 
1.2. Then, for every A G R, the problems \1.6\) , fli. 7| ) and il.8\) possess a nontrivial 
solution u G W 1,p {Vi), respectively. 

In Theorems 1.1-1.3, if we replace (h3) by the following condition (h5) which was 
introduced in |22j for p = 2 and in |26j for general p, the results are still true. 
(h5) There exists a real number 9 > 1 such that 

8 / H(x, s) > 7i(x, ts), for a.e. x G dil, and every s G R,i G [0, 1], 

where l~L(x, s) := h(x, s)s — pH(x, s). 

That is to say we have the following three results. 

Theorem 1.1' Suppose the function h satisfies the conditions (hl),(h2),(h4) and (h5), 
then for every e > and A G R, il.l]) has a nontrivial solution u G W 1,p (£l). 
Theorem 1.2' Suppose h : S7xR — >■ R is a Caratheodory function satisfying the conditions 
(hl),(h2),(h4),(h5) withdVt replaced by Vt , p* = ana > y G L r (tt). Then for every e > 
and A G R, the problems \1.2\) . kl.3\) and ^l-4\ ) possess respectively a nontrivial solution 

u g w l > p (n). 

Theorem 1.3' Suppose that the functions h and V satisfy the conditions as in Theorem 

1.2! . Then, for every A G R, the problems il.6\) . |i. 7| j and U.8\) possess a nontrivial 

solution u G W 1,p (fL), respectively. 

Let /i:S!xR->Rbea continuous function satisfying the following conditions: 

(hi') if p < N, 3 C > and q satisfying p < q < p*, such that \h(x,s)\ < C(l + , 
p* = T^r^; if p = N, 3 C > and q satisfying q > p, such that \h(x, s)\ < C(l+|s| <?_1 ); 
if p > N, there is no restriction, 

(h2 ) lim ' = uniformly for 

(h3 ) there exist /J, > p, R > such that 

< fiH(x,s) < sh(x,s), for |s| > R, 
(h4') sh(x,s) > 0, where H(x,s) = Jq h(x,t)dt. 

It was proved in |14| that (hi )-(h4 ) imply conditions (hl)-(h4)(with dfl replaced by 17, 
P* = w^p)- S° we have the following direct consequence. 
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Corollary 1.4 Suppose h : X R — >■ R is a continuous function satisfying the conditions 



(hi' )-(M' ) and V G L°°(Q). Then for every e > and A € R, £/ie problems 



u G 

Similarly, we have 

Corollary 1.5 Suppose h : 917 xR — > R is a continuous function satisfying the conditions 
(hl')-(hi') with Tl replaced by dQ, p* = ^Ef and V G L°°(dft). Then for every e > 
and A G R ; 111. 1\) has a nontrivial solution u G W 1,P (Q). 

The problems (|l.ip - (|1.4p . (jl.6p - (|1.8p arise in different areas, for example, the study of 
optimal constants for the Sobolev embedding theorems(c.f.[71 [10\ \6[ [36]). Non Newtonian 
fluids(c.f.[2l[Tl[3l[T5]) and differential geometry (c.f. [H]). Similar nonlinear boundary value 
problems has been extensively studied, one can refer to [41 [5l [6l fTTl fT2l [2TT [27l [29l [30l l3Tl 
[351 Ell EHl H2] for details. In [11 j . the authors considered the following problem 



They proved among other cases that when / has the form A|m| 9_2 m with subcritical growth, 
the above problem has infinitely many solutions. In [29], the authors considered the 
following problem 



They obtained the existence of a solution when / and h satisfy some integral conditions 
of Landesmann-Laser type, and A equals to the first eigenvalue of the Steklov problem, 
i.e. the first (minimal) A such that the problem 



and \1. 4\ ) possess respectively a nontrivial solution u G W l,p (VL). Equivalently, for 
every A G R, the problems il.6\) . \1. 7p and &1.8\) possess respectively a nontrivial solution 






(1.9) 



has a nontrivial solution. In [42], the authors considered the following problem 
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where A € L°°(0) and essinf x£ ^A(x) > 0. They proved that if / is a superlinear and 
subcritical odd Caratheodory function, then the problem they considered has infinitely 
many solutions for rj less than some constant. In |38j . the following problem 

—A p u = f(x,u) — \u\ p ~ 2 u, in f2, 

|Vu|P~ 2 gi = X\u\P- 2 u + g(x,u), ondU, 

was considered, the author proved that there exist a positive, a negative and a sigh- 
changing solution when the parameter A is greater than the second eigenvalue of the 

yfx, s) CfiXj s) 

Steklov problem (11.91) , /, g satisfying lim — — = lim ' = and there exist S t > 
such that f£fe^ > when < |s| < S f , (It was proved in [21] that the first eigenvalue 
of the Steklov problem is isolated, so the second eigenvalue is the the minimal eigenvalue 
greater than the first one). In [3J, the authors considered the following problem 

—ApU + m(x)\u\ p ~ 2 u = Xa(x)\u\ q ~ 2 u, in 

< 

|Vn|P- 2 |i = b(x)\u\ r - 2 u, on dtt, 

where l<q<p<r<p*, \\mWoo > 0, a(x) G C(O), ||a||oo = 1 and b(x) E C(d£l), 
\\b\\oo = 1- They proved that for < A < A*(A* is a constant depends on p,q,r and the 
best Sobolev constants of the embedding W^' p (n) ^ L q (n) and W^' p {n) ^ L r {dn)), the 

above problem has two solutions. 

We note that all the problems listed above deal with the existence or multiplicity prob- 
lems for definite weight (i.e. the weight does not change sign) or a restricted A. However, 

Theorem 1.1-1.3, l.T-1.3' and corollary 1.4-1.5 are for indefinite weight and every A G R. 
For the no-flux problem (jl.6p . if we set N = 1 and = (0, T), we get the following 

periodic problem for one-dimensional p-Laplace equation: 

-(\u'\p- 2 u'Y = XV{x)\u\ p - 2 u + h{x,u), 
< u(0)=«(T), 
u'(0) = u'(T). 

The periodic solution of p-laplace equation has been considered in many papers, for ex- 
ample, [UE1I28]. To the author's knowledge, when applied to this one-dimensional case, 

our results as stated in Theorem 1.3 and Corollary 1.4 are also new. 

This paper is organized as follows. In section 2, we recall some notations, definitions 

and some useful lemmas. In section 3, we study the eigenvalue problems with Steklov, No- 
flux, Neumann, Robin boundary value conditions respectively. We prove the existence of 
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a divergent sequence of eigenvalues by critical point theory for even functionals on Finsler 
manifolds. In section 4, we prove Theorems 1.1, 1.2 and Theorems 1.1', 1.2'. 



2 Notations, definitions and known results 

Let X be a closed linear subspace of W l ' p (J2) such that W 1,p (fi) C X C W 1 *^) with 
the norm || • || induced from the usual norm in W 1,p (f2). In this paper, we will also use an 
equivalent norm on X defined by \\u\\ p = Jq(\ Vu| p + e|u| p )dx for a positive number e. By 
Pettis's theorem, X is reflexive. 

2.1 Sobolev embedding theorem 

In the following, we will use Sobolev embedding theorem and trace theorem frequently. 
So we list them as the following lemmas (see |23j). 

Lemma 2.1 Let Q be a bounded domain in H N with smooth boundary, there hold 
(i)Ifp < N, then W lj> (Q) ^ for 1 < q < j^, moreover, W 1 *^) L«(«) 



when 1 < q < 



Np 



N-p> 

(ii) If p = N, then W l ' p (fi) L«(Q)for 1 < q < oo, 

(Hi) Ifp>N, then W^Q) ^ C l ~^ (O) and W 1 *^) C^(O) for < (3 < 1 - f, 

here and in the sequel, means continuous embedding map, and means compact 

embedding map. 

Lemma 2.2 Let Q be a bounded domain in H, N with smooth boundary, there hold 

(i) Ifp<N, then W^(Q) ^ L^(dQ) for 1 < q < ^Ef, W 1 ^^) M-^ L q (dfl) for 

1 < a < Np ~ p 
1 — 1 ^ N-p ' 

(ii) Ifp = N, then W l ' p {ty L^dQ) forl<q<oo, 
(Hi) If p > N, we have W lj> (Q) L*(dSl) for q>l. 

2.2 Weak solution 

We give the following definitions on weak solution (See, for example, [24J, for details), 
(i) Let u € W 1,p (tt), we say it is a weak solution of (jl.ip if it satisfies the equation 

/ \Vu\ p - 2 Vu-Vvdx+ f e\u\ p ~ 2 uvdx = A / V(x)\u\ p ~ 2 uvdS x + f h(x,u)vdS x 
Jn Jn Jan Jan 
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for any v G W X ' P {Q), 

(ii) Let u G Wq' p (Q) © R, we say it is a weak solution of (|1.2|) if it satisfies the equation 

/ [Vii| p ~ 2 Vu • V-udx + / e|n| p_2 ut;dx = A / y(x)|-u| p ~ 2 -u-udx + / h(x,u)vdx 
Jn Jn Jn Jn 

for any v G W 1,p (fi) © R, 
(hi) Let u G VF 1,p (f2), we say it is a weak solution of (jl.3p if it satishes the equation 

/ \Vu\ p ~ 2 Vu ■ Vvdx + / e\u\ p ~ 2 uvdx = A / y(x)|ii| p_2 -u-udx + / /i(x,u)t>dx 
Jn Jn Jn Jn 

for any v G VK 1,P (J7), 

(iv) Let u G VF 1,p (fi), we say it is a weak solution of the (|1-4|) if it satishes the equation 

/ |Vu| p ~ 2 Vu • Vvdx + / e\u\ p ~ 2 uvdx + / 7(x)|it| p_2 wd5 x = A / y(x)|u| p_2 uwix 
Jf7 Jan Jn 

+ / /i(x,u)i;dx for any v G Ty 1,p (0). 
Jn 

2.3 Cohomological index 

In this subsection, we recall the construction and some properties of the cohomological 

index of Fadell-Rabinowitz for a Z2-set, see [TTl [181 E3] f° r details. For simplicity, we only 

consider the usual Z2-action on a linear space, i.e., Z2 = {1,-1} and the action is the 

usual multiplication. In this case, the Z2-set A is a center symmetric set with —A = A. 
Let W be a normed linear space. We denote by S(W) the set of all center symmetric 

subset of W not containing the origin in W. For A G S(W), denote A = A/Z2. Let 

/ : A -»• RP°° be the classifying map and /* : F*(RP°°) = Z 2 [w] -»• the induced 

homomorphism of the cohomology rings. The cohomological index of A, denoted by i(A), 

is defined by sup{/c > 1 : f*(uj k ~ 1 ) ^ 0}. Here, we list some properties which will be 

useful for us in this paper. Let A,BG S(W) 

(11) (monotonicity) if A C B, then i(A) < i(B). 

(12) (invariance) if / : A — > B is an odd homeomorphism, then i(A) = i(B). 

(13) (continuity) if C is a closed symmetric subset of A, then there exists a closed symmetric 
neighborhood N of C in A, such that z'(iV) = i(C), hence the interior of N is also a 
neighborhood of C in yl and i(intiV) = i(C). 

(14) (neighborhood of zero) if U is bounded closed symmetric neighborhood of the origin 
in W, then i(dU) = dimW. 

For more properties about the cohomological index, we refer to [34j . 
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2.4 Some useful lemmas 

In this subsection, we recall some known results which will be useful in section 3 and 
section 4. The first one is a linking theorem for cones in normed spaces which is the 
theoretical tool of this paper. It is contained in Corollary 2.9, Theorem 2.8, Proposition 
2.4 and Theorem 2.2 of |14j . Here, we write it as one lemma. 

Lemma 2.3 (\14V Let X be a real normed space and let C_, C+ be two symmetric cones 
in X such that C+ is closed in X, C- (~l C+ = {0} and 

i(C_ \ {0}) = i{X \ C+) = m < oo. 

Define the following four sets by 

D- = {u <E C- : \\u\\ < r_}, 
S+ = {u € C + : \\u\\ = r + }, 

Q = {u + te : u e C-,t > 0, \\u + te\\ < r_}, e G X \ C_, 
H = {u + te : u € C_, i > 0, ||u + te|| = r_}. 

T/ien (Q, D-UH) links S+ cohomologically in dimension m+1 over Z2. Moreover, suppose 
f € C 1 (X, R) satisfying the (PS) condition, and sup /(x) < inf f(x), sup f(x) < 00. 

xeD-UH a;G5+ a; e Q 

T/ien / has a critical value c > inf /(a;). 

Remark: Recently, in [13], the author extended it to more general case (the functional 

space is completely regular topological space or metric space). If the functional space X is 

a real Banach space, according to the proof of Theorem 6.10 in |13j . the Cerami condition 

is sufficient for the compactness of the set of critical points at a fixed level and the first 

deformation lemma to hold (see [34J). So this critical point theorem still hold under the 

Cerami condition. 

The results in section 3 is based on the following theorem. 

Lemma 2.4 (Proposition 3.52 in \3J$ ) Suppose M is a C 1 Finsler manifold with free 
7j2-action, <3? € C 1 (A'1,R) and $ is even (i.e.Z2-invariant) . Set 

J~k = {M : M is Z2— invariant and i(M) > k} and = inf sup &(u). 

Then the following two statements are true: 

(i) If — 00 < Cfc = • • • = Ck+m-i = c < +00 and satisfies (PS) C , then we have i(K c ) > m. 
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Moreover, if — oo < c& < • • • < Ck+ m -i < +°° and the functional <3? satisfies (PS) C for 
c = Cfe, • • • , Cfc+ m _i, i/ien all c^,- ■ ■ , Ck+ m -i ar s critical values and <J> has at least m 
distinct pairs of critical points, 
(ii) If — oo < Cfc < +00 for all sufficiently large k and $ satisfies (PS), then c^ f~ +00. 

In the proof of the main results, we will also use the following technical lemma. 
Lemma 2.5 (Lemma 4.2 in Let E be a measurable subset of R", let 1 < a < 00, 
1 < (3 < 00 and h : E x R — > R 5e Caratheodory function. Assume that, for every e > 0, 
there exists a e € L^(E) such that \h(x,s)\ < a t (x) + e|sp /or a.e.rr € £7 and every s € R. 
Then, if (ut) is a bounded sequence in L a (E) and convergent to u a.e.in E, we have that 
(h(x,Uk)) is convergent to h(x,u) strongly in L^(E). 

Remark 2.6 // the condition \h(x,s)\ < a e (x) + e\s\P only holds for a.e.x € E and 

\ s \ < S(S is a positive constant), the conclusion also holds if ||ii n ||oc < S, \\u\loo < S. 

3 Existence of a divergent sequence of eigenvalues 

In this section, we assume that meas{x £ : V(x) > 0} > if V is defined on Q, 
meas{x € dO, : V(x) > 0} > if V is defined on <90. We consider the following eigenvalue 
problems 
Steklov problem 




No-flux problem 



A„u + e\u 



XV(x)\u\ p - 2 



u 



in Q. 



\ u = constant 



on dQ 



Ida Wur 2 ^dS x = 0, 



Neumann problem 




Robin problem 
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In [21], for V = 1 and e = 1 in the case 5(fi) e , e = in the cases P(fi) 6 , iV(fi) e , #(ft) e , the 
author proved that these four problems has a divergent sequence of eigenvalues respectively 
by Ljusternik-Schnirelman principle. By critical point theory for functionals on Finsler 
manifolds, we also get a divergent sequence of eigenvalues respectively. 

3.1 A general eigenvalue problem 

Let a G L r (fi), b G Z7(<90), G L°°(dn) and p{x) > for a.e.x G dU. We suppose that 
o, b satisfy the following assumption: 

(A): If meas{x G £1 : a(x) > 0} = 0, then a = 0, meas{x G : b(x) > 0} > and 

X = W l > p {tl). 
Define on X the functional 

F(u) = - [ a(x)\u(x)\ p dx + - [ b{s)\u(x)\ p dS x , 
p Jq v Jan 

GJu) = - [ (\Vu\ p + e\u\ p )dx + - [ f3(s)\u(x)\ p dS x . 
P Jn p Jan 

We want to solve the problem 

G' £ {u) = XF'(u). (3.10) 

Clearly, we have 

FeC\ {F'(u),v)= f a\u\ p ~ 2 uvdx+ [ b\u\ p - 2 uvdS x , 
Jn Jan 

and 

G £ eC\ {G' £ (u),v)= f {Vu\ p - 2 Vu-Vv + e\u\ p - 2 uv)dx+ f (3\u\ p ' 2 uvdS x . 

Jn Jan 

First, we consider the case e > 0. 
Lemma 3.1 For any u,v G X, we have 

{G' e ( U ) - G' e (v), u - v) > aMir 1 - iMir'KNie - 

Proof : Its proof is the same as Lemma 2.3 in [24] . For reader's convenience we give it 
here. 

By direct computations, we have 

(G' £ (u) - G' £ (v),u - v) = [ [\Vu\ p + \Vv\ p - \Vu\ p - 2 Vu ■ Vv - \Vv\ p - 2 Vv ■ Vu]dx 

Jn 

+ e / 0| p + \v\ p - \u\ p ~ 2 uv - \v\ p ~ 2 vu)dx 
Jn 

+ ( P(\u\ p + \v\ p - \u\ p - 2 uv - \v\ p - 2 vu)dS x . 
Jan 
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It follows from the proof of Lemma 2.3 in [24J that 

f3(\u\ p + \v\ p - \u\ p - 2 uv - \v\ p - 2 vu)dS x > 0. 



Hence 

{G' £ (u) - G' £ (y),u - v) > f [\Vu\ p + | Vv\ p - \Vu\ p ~ 2 Vu ■ Vv - \Vv\ p - 2 Vv ■ Vu]dx 

Jn 

+ e (\u\ p + \v\ p - \u\ p ~ 2 uv - \v\ p ~ 2 vu)dx 
Jn 

= \H\e + Nil - / (|Vn| p " 2 Vu • Vv + e\u\ p - 2 uv)dx 
Jn 

- [ (\Vv\ p ~ 2 Vv ■ Vu + e\v\ p ~ 2 vu)dx. 
Jn 

Applying Holder inequality, we have 

/ (\Vu\ p ~ 2 Vu- Vv + e\u\ p ~ 2 uv)dx 
Jn 

< ( J \Vu\ p dx)^( J \Vv\ p dx)* + ( J e|u|Pdz) ( J e\v\ p dx^ . 



Similar to the proof of Lemma 2.3 in [24], we use the following inequality 

(a + b) a (c + df- a > a a c l - a + b a d x ~ a 
which holds for any a € (0, 1) and for any a > 0, b > 0, c > 0, d > 0. Set 
a= f \Vu\ p dx,b = [ e\u\ p dx,c= [ \Vv\ p dx,d = f e\v\ p dx,a ' 



in Jn Jn Jn p 

we can deduce that 

/ (\Vu\ p ' 2 Vu- Vv + e\u\ p - 2 uv)dx < ||u||? -1 |M| e . 
Jn 

Similarly, we can obtain 

/ (\Vv\ p ~ 2 Vv- Vu + e\v\ p ~ 2 vu)dx < 1 H^IU- 
Jn 

Therefore, we have 

(G' £ (u)-G' £ (v),u-v) > \\u\\ p £ + - IMI^IMIe - INI^IM 

= (iiu|ir 1 -ii«iir 1 )(ii«ii«-n«y 

> 0. 
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Lemma 3.2 If u n — u, (G' e (u n ),u n — u) — > 0, then u n — > u in X. 

Proof : By Sobolev's compact embedding theorem we have u n — > u in L p (Vt). Since 

X is a reflexive Banach space, weak convergence and norm convergence imply strong 

convergence(see the proof of Proposition 2.4 in [21] )■ So we only need to show that 

\\u n \\ £ -¥ \\u\\ £ . 
Notice that 

lim {G' £ (u n ) - G' e (u),Un -u) = lim ((G' £ (u n ),u n - u) - {G' £ (u),u n - u)) = 0. 
By the Lemma 13. II we have 

(G^M - G», Un - «) > (inir 1 - iiuiir^CKiis - imu > o. 

Hence ||u n || e — > \\u\\ £ as n — >• oo and the assertion follows. I 
Lemma 3.3 F' is weak-to- strong continuous, i.e. u n u in X implies F'(u n ) — > F'(u). 

Proof : Let u n — 1 u in X. We have to show that F'(u n ) — > F'(u) in X* . The proof is 

similar to the proof of Proposition 2.2 in [24J. 

If 1 < p < N. For any v € X, by Holder inequality , Sobolev embedding theorem and 

the identity 

p p — 1 1 „ p — 1 p — 1 1 

— 4- 1 = 1 — 1- 1 = 1 

jy T JVp ~ iVp TV — 1 Np-p ~ Np-p 1 

JV-p JV— p 7V-p AT-p 

we have that 

\(F'(u n )-F'(u),v)\ 

< | / a(\u n \ p ~ 2 u n — \u\ p ~ 2 u)vdx\ + | / b(\u n \ p ~ 2 u n — \u\ p ~ 2 u)vdS x \ 
Jn Jan 

^ C 1 \\a\\ L r(^ l )\\\u n \ P ~ 2 U n — \u\ P ^ 2 u\\ _§_ |M N P 

LP-i(il) L N -P(fl) 

+C2\m\Lr(dn)\\\Un\ P ~ 2 U n - \u\ P ~ 2 u\\ _y \\v\\ N P - P 



L~F^(dQ.) L~n-p~ (<9fi) 

'l|| a llL''(n)lll^nr ~U n 



< CA\a\\rr(n\\\\u n \ p 2 u„ - \u\ p 2 u\\ p \\v 



Np—p 



lp=t(q) 

+C2\\b\\ L r [dn) \\\u n \ p ' 2 u n - luf^uW^ \\v\\. 

Here /3 and 7 satisfy max{p — 1, 1} < /3 < jfj^, and max{p — 1, 1} < 7 < N . 

To prove the conclusion, we only need to show that \u n \ p ~ 2 u n — > \u\ p u in Lp- t (0) 

and \u n \ p ~ 2 u n — > \u\ p ~ 2 u in Lp- 1 (dfl). To see this, let w n = \u n \ p ~ 2 u n and w = \u\ p ~ 2 u. 

Since u n — 1 u in VF 1,p (f2), ti ra — >• u in L^(fi), it follows that w n (x) — > a.e. in Q 
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g g 

and Jq |u; n |p- 1 dx — > Jq |it;|p- 1 dx, by Proposition 2.4 in [19], we conclude that w n — > w in 

g 7 

Lp- 1 (fi). The proof of ti n — > u in Lp- 1 (<9f2) is similar. 
If p > iV. For any v € X, we have 

|<F'(u„)-F'(n), W )| 

< | / a(\u n \ p ~ 2 u n — \u\ p ~ 2 u)vdS x \ + | / b(\u n \ p ~ 2 u n — \u\ p ~ 2 u)vdS x \ 

Jn Jan 

< ll a llL 1 (n)lll'"n| P ~ 2 ^n - |'"| P ~ 2 'u|[ L oo(q ) ||z;|| L oo( Q ) 
+ \\ b \\L 1 (dn)\\\ u n\ P ~ 2 Un ~ H^uWloc^WvWloc^q) 

< CilHlL 1 ( X!)IIK! P ~ 2 «n - |n[ p_2 u|| L oo (n) ||t;|| 

+C2\\b\\Li(d<n)\\\ u n\ p ~ 2 u n - |u| p ~ 2 «||i,°o(an)IMI- 

By the Sobolev embedding theorem, we have that u n , u € C(Cl) and u n — > u uniformly, 
so |||it n | p_2 n n — |ti| p_2 ti|| L cx)(f 2 ' ) — > and |||itn| p_2 ^n — M llz°°(an) — >• 0. So the conclusion 
follows in this case. 

If p = JV. For any !) G 1, by Holder inequality and the Sobolev embedding theorem 
it follows that 

\(F'(u n )-F'(u),v)\ 

< \ I a{\u n \ p - 2 u n - \u\ p - 2 u)vdx\ + | / b{\u n \ p ~ 2 u n - \u\ p - 2 u)vdS x \ 

Jn Jan 

< \\a\\L-(n)\\\un\ p ~ 2 u n - \u\ p ~ 2 u\\ g 

+ \\ b \\Lr(dn)\\\un\ p ~ 2 u n - \u\ p ~ 2 u\\ l ^. \\v\\ L t (dn) 



<Ci\\a\\ L r( S i)\\\u n \ p u n - \u\ p u\\ 
+C2\\b\\ L r(dn)\\\un\ p ' 2 u n - \u\ p ~ 2 u\\ l _j_ 



V 



"(an)" " 

Here j3 and 7 satisfy > max{p — 1,1}, 7 > max{p — 1,1}, and s, t > 1 are real number 
such that 

1 p- 1 1 1 p-1 1 

- + ^-- + - = 1,- + - + 7 = 1- 

r p s r 7 t 

To prove the conclusion, we only need to show that \u n \ p ~ 2 u n —> \u\ p ~ 2 u in Lp- 1 (O) 
and |tin| p_2, u n — > |u| p_2 n in Lp- 1 (50). The proof is similar to the case p < N. I 
Lemma 3.4 Ifu n — 1 u ; i/ien F{u n ) — > -F(u). 

Proof : By the definition of -F, there holds 

p|FK)-F(u)| = |(F'(u n ),it n ) - (F'(it),tt)| 
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= \(F'(u n ) - F'(u),u n ) + {F'(u),u n -u)\ 
< \\F'(u n )-F'(u)\\\\u n \\+o(l). 

Because u n — u, u n is bounded. From Lemma [3731 . we have F(u n ) — > F(u). I 
Set M. = {u € X : -F(u) = 1}, it is nonempty since meas{x £ f2 : a(x) > 0} > 

or meas{x € 12 : a(x) > 0} = 0, meas{x € dQ : b(x) > 0} > and X = W 1,P (Q,) by 

assumption(A) (for detail, see the proof of Lemma 1377]) . Clearly F(u) = ~{F (u),u), so 

1 is a regular value of the function F. Hence M. is a C 1 -Finsler manifold by the implicit 

theorem. It is complete, symmetric, since F is continuous and even. Moreover, is not 

contained in M., so the usual Z2-action on M. is free. Set G £ = G £ \m- 

Lemma 3.5 // u € M. satisfies G £ (u) = A and G' e {u) = 0, then (X,u) is a solution to 

mw 

Proof : By Proposition 3.54 in [3l], the norm of G' e (u) G T*M. is given by (u) ||* = 
min ||G (u) — fiF (w)||*(here the norm || • |j* is the norm in the fibre T*A4, and || • ||* is the 
operator norm). Hence there exist fi € R such that G' £ (u) — fiF'(u) = 0, that is (//, u) is 
a solution of f|3. lOj) and A = G e (u) = /i. I 

Lemma 3.6 G £ satisfies the (PS) condition, i.e. if (u n ) is a sequence on A4 such that 
G £ (u n ) — > c, and G' £ (u n ) — > 0, then up to a subsequence u n — >• u G A4 in X 

Proof : First, from the definition of G £ , we can deduce that (u n ) is bounded. Since X is 

reflexive, up to a subsequence, u n converges weakly to some u £ X. 

From G' e (u n ) — > 0, we have G' £ (u n ) — [i n F'(u n ) — > for a sequence of real numbers 

(fj-n). Then applying this formula to u n , we get fi n — > c. By Lemma l3~/3l G' £ (u n ) — > cF'{u). 

Hence (G' e (u n ),u n — u) — > 0. By Lemma l3~2l we get u n — > u. I 

Let T denote the class of symmetric subsets of A4, let T n = {M € T : i(M) > n} and 

X n)£ = inf sup G £ (u). Since T n D J" n +i, K,e < 

MeTn ueM 

Lemma 3.7 There exists a compact set in J- n . 

Proof : If meas{x G : a(x) > 0} = 0, then by assuption(A), a = 0, meas{x S d£l : 
b(x) > 0} > and X = W ,p (f2). We follow the idea in the proof of Theorem 3.2 in 
[20j. In this case, we can infer that Vra € N*, there exist n open balls (-Bi)i<i< n in d£l 
such that Bi PI Bj = if i ^ j and meas({x € 517 : b(x) > 0} D Bi) > 0. Approximating 

rp 

the characteristic function X{xe9O:6(x)>0}ns 4 by C°°(d£l) functions in L^^^Q), we can 
infer that there exists a sequence (iij)i<i< n ^ C°°(dQ) such that 6(s)|uj| p ds > 
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for all i = 1, ...n and supped suppuj = when i 7^ j. From trace theorem, we can 

find a sequence (u>i)i<i< n £ X such that T(wi) = Ui, here T is the trace map. So 

F{wi) = I Jqq b(s)\ui\ p ds > 0. Normalizing Wi, we assume that F(wi) = 1. Denote W n the 

space generated by (■tt>i)i<i< n - E W n , we have w = Ya=i a i w % an d F(w) = Ya=i \ a i\ p - 

So w —> (^F(w)^ defines a norm on W n . Since W n is finite-dimensional, this norm is 

equivalent to ||-|| e . So {w € W n : F(w) = 1} C A4 is compact with respect to the norm ||-|| e 

and by (i4) in section 2.3, i({w € W n : F(w) = 1}) = n. So {w €W n : F(w) = 1} € J" n . 
If meas{x G O : a(x) > 0} > 0, the proof is similar, see also the proof of Theorem 3.2 

in [20]. I 

Hence, Afc i£ is finite. Finally, from Lemma 12.41 and Lemma 13.61 we have A„ j£ is a 

divergent sequence of critical values of G £ . So by Lemma 13.51 we get a divergent sequence 
of eigenvalues for problem f)3. lOj) . 

Lemma 3.8 There holds 

A nj£ = inf supG £ (it), 
where = {K E T n : K is compact}. 

Proof : Indeed, the same reason as the proof of Proposition 3.1 in [14] . we have that for 

every symmetric, open subset A of Ai, i(A) = sup{i(K) : K is compact and symmetric 

with K C A}. This combines (i3) in section 2.3, can deduce the assertion easily. I 
Next, we consider the case e = 0. 

Put G(u) = G (u) = I / n \Vu\Mx + \ J m (3(s)\u(s)\ p dS x and A n = inf sup G(u). 

F y ueK 

To solve the eigenvalue problem G (u) = XF (u), we follow the method in [2Uj . 

Lemma 3.9 We have the following two statements: 
(i) lim A n , e = X n , 

£->-0+ 

(m) A n — > +00 as n — > +00. 

Proof : (i) Let e > 0, from the definition, we have A nj£ > A n . V(5 > 0, there exist 
K = K{8) € such that A ra < sup G(u) < X n + 5. Set 7 = sup then there holds 

u<=K u<EK 

£7 

A n < A n e < sup G(u) H . 

£7 

When e is sufficiently small, we obtain sup G{u) H < A n + <5. Thus A n < A n e < A n + 5 

for all e small enough. From this we get the desired result. 
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(ii) Fix a(x) G L r (£l), b(x) G L r ((?Q), since A n , F and J 7 ™ depends on a and b, we 
write A n = X n (a, b) and F(u) = F(a, b)(u), T£ = F™(a, b). Let r > be small, define 



a(x) 



and 



b(x) 



a(x), if a(x) > r, 

r, if a(x) < r, 

b(x), if > r, 

r, if < r. 



Then a, b still satisfy the assumption (A), hence we have A n ,e(a, b) < \ n (a,b) + Since 

(A„, e (a, fe))„ /* oo, lirn^ A n (a, 6) = +00. 

We claim that X n (a,b) > X n (a,b), so we get lim A n = lim X n (a,b) = +00. 

n— >oo n— >oo 

Suppose that K is a compact symmetric set such that i(K) > n and F(a,b)(u) = 1, 
Vu G K. Then the map ^ : K — >• ^(-fC) defined by u i-> F(a fe)(«) ' * s an oc ^ homeomor- 
phism, and F(a,b)(w) = 1, Vu; G ^(if). Since a > a and b > b, we have F(a,b)(u) < 1, 
Vn G -fT. So sup G(ii) > sup and i(^Sf(K)) = i(K) > n. Therefore we have 

ue^(K) w&K 

sup G{u) > X n (a,b). 

But any set in J^(a, b) can be write as the image of a set in F^(a, b) under the map ^, so 
we get A n (a, b) > X n (a, b). I 

Lemma 3.10 (A n ) n is sequence of eigenvalues associated to the problem G'(u) = XF'(u). 

Proof : Fix n G N* , let e = 4, A; G N* . From the above discussion there exists a sequence 
(«fc)fc g N* of eigenfunctions associated to (A n x)k satisfying G(uk) + \\ukWf, = 1- Hence 

' k 

(uk)k is bounded in X, thus, up to a subsequence, (uk)k converges weakly in X to some 
u G X. Since Uk satisfies G'{uk) + \\uk\ p ~ 2 Uk = X n iF'(uk), from Lemma l3~3| we have 
\uk\ p ~ 2 Uk — ^ \u\ p ~ 2 u, F'(uk) ->■ F'(u) in X as k -)■ 00, so G'(uk) ->■ X n F'(u) as — >■ 00, 
G'(uk) + |tifc| p_2 iifc — >■ X n F'{u) + |ii| p-2 u in X as /c — )• 00. Thus there holds 

{G'(uk) + |iifc| p - 2 u fc , u k -u) ->• 0. 

By Lemma [3721 with e = 1, we have li^ — > u, so G"(u) = X n F'{u) and (A n ,«) is a solution 
of the problem G'(«) = XF'(u). I 
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3.2 Existence results 

The following theorems is direct consequence of subsection 3.1. 

Theorem 3.11 (Existence of eigenvalue sequence for S(Q) E ). Let F and G £ be defined 
in section 3.1 with a = 0, b = V and f3(x) = 0. Let X be W 1,P (Q), then there exist 
a nondecreasing sequence of nonnegative eigenvalues {A nj£ } of A3.10\) (when e = 0, set 
An,e = A n j, that is , the eigenvalues of S{Q) £ , moreover, this sequence is divergent. 

Theorem 3.12 (Existence of eigenvalue sequence for P{Q) £ ) Let F and G £ be defined 
in section 3.1 with a = V , b = and (3 = 0. Let X be Wq' p (Q) © R, then there exist 
a nondecreasing sequence of nonnegative eigenvalues {A n . e } of A3.10\) (when e = 0, set 
An, £ = X n ), that is , the eigenvalues of P{Q) £ , moreover, this sequences is divergent. 

Theorem 3.13 (Existence of eigenvalue sequence for N(0,) £ ) Let F and G £ be defined 
in section 3.1 with a = V , b = and (3 = 0. Let X be W l,p {Q), then there exist a 
nondecreasing sequence of nonnegative eigenvalues {\ n ,e} °f A3.10\) (when e = 0, set A„ )£ = 
X n ), that is , the eigenvalues of N(£l) £ , moreover, this sequences is divergent. 

Theorem 3.14 (Existence of eigenvalue sequence for R(0,) £ ). Let F and G £ be defined 
in section 3.1 with a = V , b = and f3(x) = j(x). Let X be W 1,P (Q), then there exist 
a nondecreasing sequence of nonnegative eigenvalues {X n ,e} °f A3.10\) (when e = 0, set 
An,e = X n ), that is , the eigenvalues of R(0,) £ , moreover, this sequence is divergent. 

3.3 Index computation for cones 

Similar to Theorem 3.2 in [13], we have: 

Theorem 3.15 If X mi£ < A m+ i. e for some m € N*,t/ien 

i({u G X \ {0} : G £ {u) < X m ,eF(u)}) = i{{u e X : G £ (u) < X m+1 , £ F(u)}) = m. 

Proof : Suppose X m , £ < A m+ i j£ . If we set A = {u G M. : G £ {u) < A mj£ } and S = {«£ 
M. : G £ (u) < A m+ i i£ }, clearly, we have i(A) < m. Assume that i(A) < m — 1. By (i3) in 
section 2.3, there exists a symmetric neighborhood W of A in Ai satisfying i(W) = i(A). 
Notice that such a W is also a neighborhood of the critical set of G £ \m at level A mj£ , 
by the equivariant deformation theorem, there exists 5 > and an odd continuous map 
l : {u G M : G £ (u) < A m , £ +5}->{n£M: G £ (u) < A m , £ - 6} U W = W. It follows 
from (i2) in section 2.3 that i{u G M : G £ {u) < X m ^ £ + 5) < m — 1. This contradicts the 
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definition of A m)£ and the monotonicity of the cohomological index. By the invariance of 
the cohomological index under odd homeomorphism, we have 

i({u € X \ {0} : G e (u) < X m ,sF(u)}) = m. 

By the monotonicity of the cohomological index, we have i(B) > m. Assume that 
i{B) > m + 1. From the proof of Lemma l3.8l there exists a symmetric, compact subset K 
of B with i(K) > m + 1. Since m&x{G e (u) : u € K} < A m +i j£ , this contradicts to Lemma 
13.81 By the invariance of the cohomological index under odd homeomorphism, we have 
i({u G X : G E (u) < X m+ i jE F(u)}) = m. I 

4 Proof of the main theorem 

In this section, we assume that e > 0. 

4.1 Proof of Theorem 1.1 and Theorem 1.1' 

We consider the C 1 functional f £ :X = W X,P (VL) -+ R defined by 

f £ ( u ) = I [ (\X7u\ p + e\u\P)dx - - [ V\u\ p dS x - [ H(x,u)dS x . 
P Jn p Jan Jan 

It is clear that critical points of f e are weak solutions of (jl.ip . 
In this case, 



Hence 



G e {u) = - f (\Vu\ p + e\u\ p )dx 
P Jn 

F(u) = - f V(x)\u\ p dS x , 
p Jan 

f e {u) = G £ {u) - \F{u) - [ H(x, u)dS : 

Jan 



We follow the line of t 
Lemma 4.1 By (hi) and (h2), we have, ^ dn } m - — > as \\u\\ e —> 0. 



Proof : Case 1: p < N. Set 

Hq(x,s) 



0, if s = 0, 



19 



from (hi) and (h2) we have that Hq is a Caratheodory function satisfying 

\H (x,s)\ < -a £ {x) + ^—\s\^ . 



P 



Np—p 



Np — p 

By the continuous embedding of X into L N ~p (d£l) and Lemma [2.5l it follows that Hq(x, u) 

N-l 

converges to in L p- 1 (<9$7) as ||u|| e — > 0. Using Holder inequality we have 



f / f N-i \ p ~ 1 / r Np-p \ N ~ p 

\H(s,u)\dS x = \H (s,u)\\u\ p dS x <( \H (s,u)\ — dSJ ^ ( / \u\ — <lS x ) JV " 1 
an Jan x Jan ' ^Jan ' 

Applying Sobolev embedding theorem again, the conclusion follows in this case. 

Case 2: p = N. In this case, by making q large enough, we can also write \Hq(x, s)\ < 



Aa £ (x) + p and q—p> 1, here Hq(x,s) is defined as Case 1. By the continuous 



A, 
p 

embedding of X into L r ( q ~ p \d{l), it follows from Lemma 12.51 that Hq(x,u) converges to 
in L r (d£l) as ||it|| e — > 0. Using the Holder inequality we have 



r-1 



/ \H(s,u)\dS x = f \H (s,u)\\u\PdS x < ( [ \H (s,u)\ r dS x y( f \u\ p ^dS, 
Jan Jan K Jan ' K Jan 

Applying Sobolev embedding theorem again, the conclusion follows in this case. 

Case 3: p > N. In this case, we can also write \Hq(x,s)\ < ^as(x) + ||s|' 3_P ) for 
|s| < S and q — p > 1, here Hq(x,s) is defined as Case 1. By Sobolev embedding 
theorem, we can also assume that ||it||c (<9Q) < S f° r some S > when ||u|| £ is small. 
Since X continuously embeds into L^ q ~ p \dVl) and from Lemma |2.5| Remark 12.61 we can 
deduce that H (x,u) goes to in L l (d£l) as ||u|| e — > 0. Using the Holder inequality we 
have 

/ \H(s,u)\dS x = f \H (s,u)\\u\ p dS x < (/ \H (s,u)\dS x )\\u\\ p Loo(m) . 
Jan Jan Jan 

Applying Sobolev embedding theorem again, the conclusion follows in this case. I 
Lemma 4.2 If there exists b > and (uk) in X such that \\uk\\e — > oo and fn(\Vuk\ p + 
*HrH* £ Tkenfrom (U) and ( M ) ,„ e Have ^'T"' - +». 

Proof : Set Vk = n^ji , then, up to a subsequence, (vk) converges to some v weakly in X 
and a.e.in dtl. By Lemma 13.41 it follows that b f dn V\v\ p ds > 1. So \v\ / on a set with 
positive measure. Thus from (h2) we have 

H(s,u k (s)) H(s,\\u k \\ £ v k (s)) 
lim 1, — = lim — I, — w — -—— — \vk(s)\ p = +oo 

on a set with positive measure. By (h4) we can apply Fatou's lemma to the sequence 
( H \\ W )k an d the assertion follows. I 

\\ u k He 
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Lemma 4.3 Suppose (hi) is satisfied. The map T : X — > X* defined by T(u)(v) = 
Jqq h(x, u)vdS x is weak-to-strong continuous. 

Np—p 

Proof : If p < N, we set a = N pS p p — = j^Sy - Let (n^) be a sequence weakly convergent 

N-p — 1 

Np — p 

to u in X, then (itfc) is bounded in L n ~p (80,) and up to subsequence, converges to u 
a.e.in <9f2. By (hi) and Young's inequality we have 

1 Np—p -] 

\h(x,s)\ < a e (x)\s\ p ~ L + e\s\ N -p 

Np — p _ ^ 

rv(p — 1 ) q E iv-i n — 1 w-p _ , , n p-p i , Wp-p -I 

< — — -( — ) Q (f-D + £ p-l sNv-P +£Spv-P . 

iV - 1 V £ 7 ^P-P _ 1 M 11 

JV— p 

From Lemma 12.51 (h(x,Uk)) is convergent to h(x,u) strongly in L a (d£l), hence strongly 
in X*. 

If p = N, in this case, by making q large enough, we may assume that for every e > 0, 
there exists a £ € U'{d£l) such that \h(x, s)\ < a e (x)|s| p_1 +e|s|' 3_1 and q— p > 1, |Ef r > 1- 
Let (uk) be a sequence weakly convergent to u in X. Then (u k ) is bounded in L T ^- p \dQ) 
and up to subsequence, converges to u a.e.in d£l. By (hi) and Young's inequality we have 

\h(x, s)\ < aJx^sF' 1 + dsl 9-1 < + ^— H 9 " 1 + e|s|« -1 . 

q — 1 e q — 1 

From Lemma [2.51 we have (ft.(x, Uk)) is convergent to /i(x, u) strongly in Li- 1 (<9f2), hence 
strongly in X* . 

If p > N, let (ufc) be a sequence weakly convergent to u in X. Then by Sobolev 
embedding thoerem, (uk) converges to u uniformly in d£l. By (hi), we have 

\h(x,u k ) -h(x,u)\ < a 5 (x)(|u fc | p - 1 + \u\p~ 1 ) 

for some S > 0. Applying Fatou's lemma to the sequence as(x)(|itfc| p_1 + |u| p_1 ) — 
\h(x,Uk) — h(x,u)\, we obtain 

2 / osOOM 1 '- 1 ^ < liminf / [a s (s)(|« fc | p - 1 + |«|*»— x ) - \h(s,u k ) - h(s,u)\]dS x 
Jan k ^°° Jan 

< 2 as (s)\u\ p ~ 1 dS x — lim sup / \h(s,Uk) — h(s,u)\dS x . 
Jan k^oo Jan 

So lim supj^oo Jqq \h(s, Uk) — h(s,u)\dS x < 0, that is, h(x,Uk) converges to h(s,u) in 

L 1 (dQ). From Sobolev embedding theorem, we have that h(x,Uk) converges to h(s,u) in 

X*. I 

Lemma 4.4 Suppose (hl)-(h^) hold. For every A € R and c € R, the functional f e 
satisfies (PS) C condition. 
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Proof : Let (u k ) k be a sequence in X satisfying f' e {u k ) — > in X* and f £ (uk) — > c. 

Claim: (u k ) is bounded in X. By contradiction, we assume that ||"Ufc|| £ — > oo. From 

(h3) we have 

M/ £ K) - <£(«*), u k ) = - 1) / (|V« fc |f + e|n fc Hdx - - 1) / AFKfd^ 



P Jn p Jan 

+ / (h(s,u k )u k - fiH(s,u k ))dS x > ( 1) / (|V« fc | p + e|it fc | p )cia; 

-(H-l)f XV\u k \PdS x - f { l0 + 7l \u k \P)dS x . 
P Jan Jan 

Since 

M/ e («fc) " + / lodS x < h!i - 1) / (|Vu fc |P + E|«fc|f)dx 

Jan 2 p 

for fc large enough, there exists b > such that 

/ (|Vu fc | p + £K.| p )dx< / (2Ay + 6 7l )|n fc | p d5 a; 
Jn Jan 

for large enough. (2XV + 671) is still in L r {dVt), from Lemma 14.21 we can deduce that 

lim — ^ — rrfr = +00. 

Moreover, by Sobolev embedding theorem, we have J dn V\u\ p dS x < C7||V|| r ||u||§. Therefore 
0= l im #^ = i- lim ^fanVW^ + J m H(s,u k )dS X) = _^ 

fc^oo ||Ufc|| e p fc^oo Pip/op \\ u k\\s 

It is a contradiction, so (u k ) is bounded in X. 

Actually, f E (u k ) = G' e (u k ) — XF'(u k ) — T(u k ), here T : X — > X* is defined in Lemma 

14.31 By Lemma 13.31 and 14.31 we have, up to subsequence, F'(u k ) and T(u k ) converge, 

so G' s {u k ) converges in X*. By Lemma 13.21 we can deduce that u k has a convergent 

subsequence. So we have proved the (PS) C condition. I 
In order to prove the Theorem 1.1', we need the following result. 

Lemma 4.4' Suppose (hl),(h2),(h4),(h5) hold. For every A € R, f e satisfies the Cerami 

condition. 

Proof: Let (u k ) k be a sequence in X satisfying (l+\\u k \\ £ ) f^(u k ) — > in X* and f £ (u k ) — >■ c. 

Claim: (u k ) is bounded in X. Otherwise, if ||ufe|| e — > 00, we consider w k := lu^jr- 
Then, up to subsequence, we get w k w in X and w k (x) — > w(x) a.e. x G 90 as A; — > 00. 
If w 7^ in X, since f' £ {u k )u k — > 0, that is to say 

(|Vufc| p + e\u k \ p )dx - X [ V(x)\u k \PdS x - [ h(x,u k )u k dS x 0, (4.11) 
n ^an ^an 
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by Schwartz inequality and Sobolev embedding theorem, we have 

\Ian V ( x )\ u k\ Pd S x 



i hp 

\Uk\\e 



< C\\V\\r, 



so by dividing the left hand side of (|4.1ip with there holds 

h(x,u k )u k 



i, dS x 
an \\uk\\e 



< C. (4.12) 



On the other hand, by condition (h5), we have h(x,s)s > H(x,s), so by condition (h2), 
h(x,s)s 

lim — j— ; = +00. By Fatou's lemma, we have 

|s|-Kx> \s\P 

h(x,u k )u k f , h(x,u k )u k 

p — dS x = / \w k \ p — : — - — db x ->■ 00, 



IdU |Rfc||e J{w k ^0} \Uk 

this contradicts to (|4.12p . 

If w = in X, inspired by [22], we choose t k € [0, 1] such that fe(t k u k ) := m ax f £ (tuk)- 

u ;o.i 

For any (3 > and w k '■= {2pf3) l / p w k , by Lemma 3.3 and Lemma 4.3 we have that 

fMu k ) > f £ (w k ) = 2(3-- f V(x)\w k \ p dS x - f H(x,w k )dS x > /3, 

P Jan J an 

when k is large enough, this implies that 

lim f £ (t k u k ) = 00. (4.13) 
Since / e (0) = 0, f £ (u k ) — > c, we have t k € (0, 1). By the definition of t k , 

(f' £ {t k u k ),t k u k ) =0. (4.14) 

From (|4TT3|) . (gHU), we have 

fe(t k u k ) - -{f' e {t k u k ),t k u k ) = [ (-h(x,t k u k )t k u k - H(x,t k u k )) dS x -> 00. 
P Jan VP J 

By (h3), there exists 9 > 1 such that 

f 1 1 f 1 

/ (-h(x,u k )u k -H(x,u k ))dS x > - / (-h(x,t k u k )t k u k -H(x,t k u k ))dS x -> cxd. (4.15) 
Jan p Jan p 

On the other hand, 

r 1 1 

/ (-h(x,u k )u k - H(x,u k ))dS x = f £ (u k ) {f' £ (u k ),u k ) -> c. (4.16) 

Jan P P 

(|4.15p and (|4.16p are contradiction. Hence {ttfc} is bounded in X. So up to a subsequence, 
we can assume that u k — ii for some X. 
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The same reason as Lemma [4.4l we can prove that {u^} have a convergent subsequence. 
So f e satisfies the Cerami condition. I 
Proof of Theorem 1.1: Replacing (A, V) with (—A, —V), we can assume that A > 0. 

Case 1: meas{x G <9f2 : V{x) > 0} > (by Theorem 13.111 S(Q) £ has a divergent 

sequence (A mj£ ) m of eigenvalues), A > Ai j£ . 

Since the sequence (A mj£ ) m is divergent, there exist m > 1 such that A m>£ < A < A m+ i j£ . 

Define 

C_ = {uGX:G £ (u)<A m , £ F(u)}, 
C+ = {u G X : G £ {u) > X m+lj£ F(u)}, 

we have that C_, C+ are two symmetric closed cones in X with C_ n C+ = {0}. 
By Theorem ET5] we have that i(C_ \ {0}) = \ C+) = m. 

Since A < A m +i i£ , by Lemma [4. II there exist r + > and a > such that / £ (u) > a for 
u G C+ and ||u|| £ = r + . Since A > A mj£ , by (h4) we have f e (u) < for every u G C_. 

Let e£l \ C_, we define another norm on X by ||u||y := (/^(l^l + l)\u\ p dS x )^/ p . If 
ti G C_ and t > 0, then 

\\u + te\\ £ = t\\- + e|| £ < t(||-|| e + \\e\\ £ ) < t(C\\-\\ v + -Ol|| e || v ) < Ct(\\-\\ v + \\e\\ v ). 
t t t ||e||y t 

Notice that C_ is also closed in X with respect to the norm || • ||y, by Proposition 2.12 
in fTJ], there exists /3 > 1 such that ||f ||y + ||e||y < + e||y. Hence, ||u + te\\ e < 
b\\u + te\\v for every u G C_, t > and some 6 > 0. Thus from Lemma 14.21 we have that 
K'"S )JS - - +°° for llu.ll, Z + oo and „ t 6 C_ + R +e . So there exists r_ > r+ such 
that / £ (u) < for u G C_ + R + e and ||n|| £ > r_. 

If we define Z)_, S+, Q, -H" as Lemma f2T3| then / £ is bounded on Q, / £ (u) < for every 

u G D_ U H and / £ (it) > a > for every u G <S+ . With Lemma 14.41 it follows that f e has 

a critical value c > a > 0. Hence u is a nontrivial weak solution of (jl.ip . 

Case 2: meas{x G 50 : F(a?) > 0} > 0, < A < A lj£ or meas{x G 50 : V{x) > 0} = 

0, A > 0. We set C_ = {0}, C + = X and the proof is similar. I 

Proof of theorem 1.1': The process is the same as the proof of Theorem 1.1. With the 

aid of the remark after Lemma 2.3, we use Lemma 4.4' instead of Lemma [ 



4.2 Proof of Theorem 1.2 and Theorem 1.2' 

For problem f)1.2f) . we consider the C 1 functional f £ :X = Wq ,p (Q) © R — > R defined by 

Uu) = - ( (|Vu| p + e|n| p )dx- - / V(x)\u\ p dx - [ H(x,u)dx 
p Jn p Jn Jn 
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= G £ {u) — XF(u) — / H(x,u)dx (see Theorem [3JT]). 
Jn 

For problem (jl.3p . we consider the C 1 functional f £ :X = W 1,P (Q) — > R denned by 

/ e (u) = - / (|Vn| p + e|u| p )dx- - / y|n| p dx- / H(x,u)dx 
p Jn p Jn Jn 

= G £ (u) — \F(u) — I H(x,u)dx (see Theorem \37l2\) . 
Jn 

For problem (jl.4p . we consider the C 1 functional f £ : X = W 1,p (£l) — > R defined by 

- / (\Vu\ p + e\u\ p )dx + - [ (3\u\ p dS x -- ( V\u\ p dx- [ H(x,u)dx 
p Jn p Jan p Jn Jn 

G £ (u) — \F(u) — / H(x,u)dx (see Theorem 13. 13j) . 
Jn 



fe(u) 

P 



It is clear that critical points of f £ are weak solutions of (|1.2|) . (jl.3p . (jl.4p . respectively. 
The following lemmas are needed in the proofs of Theorem 1 1 . 2 1 and 1.2'. Their proofs are 
similar to the proofs of Lemma 14.14 14.21 14.31 14.41 see a ^ so [H] • m the following Lemmas 
4.5-4.8, we always assume that (hl)-(h4) with <9S7 replaced by Q and p* — 



Lemma 4.5 There holds — ,, u 'p > as \\u\\ e — > 0. 



N-p- 



Lemma 4.6 // there exists b > and (uk) in X such that \\uk\\ £ — > oo and + 
e\uk\ p )dx < b J n V\uk\ p dx. Then from we have ^ n J '..^ > +oo. 

Il^felle 

Lemma 4.7 T/ie map T : X — > X* defined by T(u)(v) = J n h(x,u)vdx is weak-to-strong 
continuous. 

Lemma 4.8 For every A € R and c € R, the functional f £ satisfies (PS) C . 

Under the conditions of Theorem 1.2', we have the following result. 
Lemma 4.8' For every A E R, f £ satisfies the Cerami condition. 

Proof of Theorem 1.2: The proof is similar to the proof of Theorem 1.1 by using 

Lemmas 4.5-4.8. We omit the details here. I 

Proof of Theorem 1.2': The proof is similar to the proof of Theorem 1.1 by using 

Lemmas 4.5-4.7 and 4.8'. We omit the details here. I 
Acknowledgments The authors thank Siham El Habib for useful discussions. 
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